A radially polarized beam is axially symmetric and is able to produce tightly focused light fields beyond the Gaussian beam diffraction limit. However, with the current technology, its duration is limited by the relatively narrow bandwidth that the generation techniques can support. Using a 10 cycle pulse with a central wavelength of 1.8 μm, we show that radially polarized beams can be compressed to the few-cycle regime, while still maintaining their radially polarized nature. Therefore, it seems feasible, using only well-developed methods, to reach focused intensities of ∼10
INTRODUCTION
Vector beams are laser beams with a nonuniform polarization structure across their profile; a subclass of them has an intensity and polarization profile that is cylindrically symmetric [1] . Cylindrical vector beams have been extensively investigated during the past years in different application fields such as optical trapping [2] , high-resolution imaging [3] , laser machining [4] , laser acceleration [5, 6] , and communications [7] . An important characteristic of a tightly focused radially polarized beam, for example, is that it forms a smaller focus spot than what can be achieved with a comparable beam of either linear or circular polarization [8] .
Many methods produce cylindrical vector beams-especially radially and azimuthally polarized beams. There are intracavity devices [9] for lasers that efficiently convert a conventional singlemode Gaussian laser beam into one with a different polarization distribution [10, 11] . However, these devices always have a relatively narrow bandwidth.
In all areas of ultrafast science, pulses can be amplified or shaped up to the bandwidth limit of the most narrowband processes involved and then compressed by self-phase-modulation in a nonlinear medium-often a fiber. This is how the high-power few-cycle pulses used for attosecond science are created [12] . This method can also create single-cycle pulses in the visible or near-IR [13, 14] . Optical pulse compression by self-phase-modulation is a critical element in all ultrashort pulse lasers [15] . In fact, optical continua can even be generated by self-phase-modulation in fibers with noble gases [16, 17] . In all of these cases, the final pulse duration can be much shorter than what the bandwidth restriction might imply.
In this paper, our aim is to show that pulse compression is available for cylindrically symmetric vector beams. Pulse compression will greatly expand the application area of these beams.
For our experiment, we have chosen a radially polarized beam that we generate using a linearly polarized Gaussian beam propagating through a q-plate [18] , and we find very similar results for azimuthal polarization. We will show that the q-plate has a bandwidth limit that is insufficient to create a few-cycle pulse. However, once the pulse is shaped and spatially filtered to ensure its cylindrical symmetry, we will show that it can be compressed down to a few-cycles by means of a conventional gas-filled hollow-core fiber compressor.
EXPERIMENTAL SETUP
We use a 1.8 μm beam produced by the laser source, which consists of a chirped-pulse-amplified Ti: Sapphire laser system and a whitelight seeded high-energy optical parametric amplifier (HE-TOPAS, Light Conversion) [19] . The Ti: Sapphire laser system that we used provides 50 fs laser pulses at 800 nm with a 5 mJ pulse energy at a repetition rate of 1 kHz. The optical parametric amplifier (OPA) is pumped by the 800 nm light, and it provides 1.8 μm pulses with ∼50 fs duration. The 1.8 μm pulses from the OPA are spatially cleaned by focusing into a hollow-core fiber (1.4 m long, 400 μm core diameter) with an f 75 cm lens made of CaF 2 .
The spatially filtered beam is then refocused into a kryptonfilled hollow-core fiber (20 cm long, 150 μm or 250 μm core diameter) by an f 15 cm or f 30 cm lens, as shown in Fig. 1 . The nonlinear propagation in the hollow-core fiber adds bandwidth and an approximately linear positive chirp.
We use a q-plate (q 1∕2) for generating a radially polarized beam [18] . A q-plate is composed of two indium tin oxide (ITO) substrates covered by a polyimide layer and a liquid crystal layer. The alignment pattern of the liquid crystals in the q-plate is "written" during its fabrication. Its liquid crystals' optical retardation is controlled through an external electric field, which is applied on the plate. Therefore, the device's central wavelength can be tuned to a different one by simply adjusting the applied voltage.
However, the q-plate can only support a relatively narrow spectrum for a given voltage. In Fig. 2 , we compare the polarization of the initial pulse (blue) and the pulse that has passed the q-plate (red). We perform this comparison over a broadband infrared spectrum ranging from 1.5 to 2.1 μm and record the pulse's spectrum after it goes through a polarizer with a fiber spectrometer (Ocean Optics, USB 2000+). A q-plate fundamentally consists of a structured half-wave plate, such that a passing beam's polarization locally remains linear but is rotated to a degree, depending on the relative angle between the beam's polarization and the local alignment of the liquid crystals. We can make use of this effect to extract the bandwidth that the q-plate supports by examining the degree to which linear polarization is preserved throughout our spectrum. This degree of similarity can be measured by making the beam go through a polarizer. Namely, we expect wavelengths that experience the required conversion to remain linear with a 90°rotation and, therefore, not go through the polarizer. To gauge this condition, we use a measure called the "polarization identicality," defined as the minimum output of the polarizer as the polarizer is rotated divided by the maximum output. In Fig. 2 , the blue and red curves show the polarization identicality of the beams before and after the q-plate, respectively. Only a ∼100 nm bandwidth gets a similar optical retardation and maintains a zerovalued polarization identicality. Therefore, the figure shows that a q-plate could not support the full spectrum of a few-cycle [20] .
Therefore, we have to use the q-plate where the pulse bandwidth is relatively narrow-i.e., before pulse compression. As shown in Fig. 1 , a polarizer after the fiber spatial filter is used to maintain a homogeneous linear polarization. Then, the beam passes a q-plate with a proper bias voltage for the central wavelength of 1.8 μm, and the linear input polarization is transformed into radial polarization. Finally, the radially polarized beam is spectrally broadened in the fiber. In Fig. 1 , the right lower two figures show the beam profiles of the output beams after the fiber under vacuum and the fiber filled with 8 bar krypton gas, respectively. We can see that the beam has a uniform doughnut-shaped intensity profile and is not distorted by passing the hollow-core fiber when it is used passively or when it is filled with krypton gas. 2 . "Polarization identicality" of the laser beam before and after the q-plate. This measure is defined in the text and is an indicator of the conversion efficiency of the q-plate at a given wavelength, where values closer to zero indicate a higher efficiency. The blue and red curves show the identicality of the beam before and after the q-plate, respectively.
RESULTS
For our experiment, the Gaussian beam on the q-plate has an energy of 200 μJ within a ∼5.5 mm FWHM beam diameter. Using a radially polarized beam with an input energy of 150 μJ, we achieved 40% transmission. In comparison, the transmission for the Gaussian beam is 47% (using the same coupling geometry). The highest energy we used on the q-plate is 220 μJ. Therefore, the damage threshold of the q-plate is higher than 1.85 × 10 10 W∕cm 2 . In the krypton-filled hollow-core fiber, the spectrum of the pulse is broadened by self-phase modulation. Figure 3(a) shows the broadened spectrum for four segments of the beam selected from different quadrants of the doughnut. The spectra of the lower, left, and right parts of the beam have a similar bandwidth, while that of the upper part is a little broader.
We know from conventional fiber compression that a pulse that exits a fiber is chirped and, therefore, we compensate for the chirp with an antireflection-coated fused silica plate in the beam path [21] before characterizing the beam's temporal duration with a second-harmonic-generation (SHG) frequencyresolved optical gating (FROG). The temporal profiles of the amplitude and phase of different quadrants of the shortened pulses are shown in Figs. 3(b)-3(e). These curves correspond to 15 fs pulses for the upper part of the beam and 17 fs pulses for the remaining three parts. All are less than three optical cycles in duration and have a central wavelength of 1.8 μm.
It is not sufficient to show that the compressed pulse is short. We must also confirm its polarization state. We measure the polarization state of the output-broadened beam by passing the beam through a polarizer and recording the beam profile using a camera. For a radially polarized beam, after the polarizer, the output beam will be a linearly polarized beam with polarization parallel to the transmission axis of the polarizer. The output electric field strength will have its peak at the polarizer's orientation angle. As shown in Fig. 4 , the intensity profile has two lobes that rotate with the orientation of the polarizer, which is indicated by red arrows [Figs. 4(b) to 4(e)]. Therefore, the beam is always oriented with the radial direction along the polarizer axis. This confirms that the output-broadened beam is still a cylindrical vector beam with radial polarization.
We also characterized the topological charge of the compressed beam. For beams with phase singularities, the topological charge is quantified by recording the interference between the beam and a tilted Gaussian, thus resulting in a forked interference pattern [22] . The difference in the number of interference fringes between one side and the other corresponds to the topological charge of the singularity. This procedure can be simplified by using a collinear interferometer instead. Now consider the radially polarized beam from the orbital angular momentum (OAM) perspective. A radially polarized beam is a beam that can be considered to be a superposition of left and right circularly polarized components with a phase delay around the circumference. The required phase delay corresponding to the two beams having opposite values of helicity and jOAMj 1. The Jones matrix expression of a radially polarized beam with an azimuthal phase expiφ can be written as
which consists of a right-hand circularly polarized (RHCP) beam and a left-hand circularly polarized (LHCP) beam with opposite helicities and opposite topological charges, where φ is the azimuthal coordinate angle in the plane perpendicular to the propagation. If this beam passes through a quarter-wave plate, the two circularly polarized components identified above will be converted into two perpendicular linearly polarized beams. Then, a polarizer will interfere with the two components when we select a given polarization direction. Assuming the quarter-wave plate and polarizer are both along the x axis, we should observe the interference signal below: Research Article where we considered a quarter-wave plate oriented at 0°. Finally, if we insert a half-wave plate between the q-plate and the quarter-wave plate, the half-wave plate flips the handedness of the circularly polarized beams and also shifts the relative phases of the beams. Assuming the angle that the fast axis of the half-wave plate makes with respect to the x axis is θ, the Jones vector expression for the whole setup is cos φ sin φ
Thus, the half-wave plate gives a positive 2θ phase delay to the left circular polarized beam and a negative 2θ phase delay to the right circular polarized beam. Therefore, we should observe a 2θ phase delay for the two linearly polarized beams and the two arms of the linear interferometer.
As we rotate the half-wave plate, the relative phase between the two arms of the interferometer will be changed accordingly. The relative phase change is 4 times the phase delay corresponding to the rotated angle of the half-wave plate. During a full scan of the wave plate, the phase delay between the interferometer arms will be 4 times the phase gradient of the beam's wavefront. Therefore, the period number of the interference signal for a full circle scan of the half-wave plate also gives the topological charge.
To demonstrate this alternative approach, we recorded the beam profile with the CCD camera as a function of the rotation angle of the half-wave plate, as shown in Fig. 1 . We obtain a twolobe intensity pattern, similar to the pattern obtained by passing through a polarizer (Fig. 4) . When the half-wave plate is rotated, the two-lobe pattern rotates accordingly. Figure 5(a) shows the sum of all the beam intensity patterns for a full 360°scan. Alternatively, we can select one δϕ-wide segment of the beam and record the signal as the half-wave plate is rotated. We plot the beam energy in this segment as a function of the rotation angle of the half-wave plate in Fig. 5(b) . We obtain four peaks for a full 360°scan, indicating that the phase changes by 2π for a full 360°wave plate scan. In addition, if we check the points with 180°separation, they show the same peak position-the intensity profile does not distinguish between π phase differences.
We retrieve the phase of each point on the circle with 2°res-olution and plot it as the function of the point angle in Fig. 5(c) .
The curve confirms the 2π phase shift of the beam wavefront for the full 360°scan of the half-wave plate, corresponding to the topological charge equaling one. These pulses will have broad applications in high-field physics, and we confirm the focus beam profile of these pulses to estimate the performance of the compressed beam. We have focused the compressed pulses with an f 75 mm CaF 2 lens, and the profile is shown in Fig. 5(d) . The beam diameter is ∼60 μm. With a 15 fs pulse duration and 60 μJ energy, we can estimate the peak intensity to be >1.4 × 10 14 W∕cm 2 .
In our experiment, the beam energy is limited by the laser and the size of the q-plate we used, which is ∼5 mm. Had we used a larger q-plate and a high-energy OPA, the energy and peak intensity could have been higher. In fact, S-waveplates [23, 24] , a relative of q-plates made by cracking quartz, will withstand a much higher intensity. The current limiting factor is hollow-core pulse compression with an experimental limit to the output of ∼5 mJ.
A 5 mJ pulse [25] with a pulse duration of 15 fs has a peak power of 3 × 10 11 W. Focused to the wavelength scale, an intensity of 10 19 W∕cm 2 is feasible. This would be a very interesting pulse with a longitudinal field reaching relativistic intensities. Long before such an intensity, high harmonics can be created in gases and solids, opening a new regime of attosecond science. 
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CONCLUSION
In conclusion, we have used a gas-filled hollow-core fiber to compress a radially polarized vector beam in the same way that we compress Gaussian beams. While we employed 1.8 μm light for this demonstration, we expect that hollow-core fiber compression will be possible for other wavelengths and that it can be generalized to more complex fibers. Pulse compression should be possible for any cylindrically symmetric vector beam, and we expect that vector-beam pulse compression can be generalized to single- [26] or multi-plate pulse compression [27] as well. These pulses will be important for laser acceleration experiments [6] as well as for high-harmonic or attosecond pulse experiments with radially polarized drivers. Using solid or gas as a nonlinear medium, it will be possible to produce radially polarized harmonics with a curved wavefront [28] that will reach wavelength-scale focal spots compared to Gaussian beams [29] , thus opening a route towards vacuum ultraviolet (VUV) microscopy. 
